2009-2010 yu. roa. Ne 6, 11 k1. Maremaruka. KomruiekcHble uucia.

§3. PazauyHbie ¢popMbl 3aMcH KOMILUIEKCHBIX YHCeJL.
Onepanuu HA/l KOMIJIEKCHBIMU YU CJIAMU
1. Anzedpauueckaa u mpuzonomempuueckas @Gopmol KOMNIAEKCHO20
yucna. 3amich KOMIUIEKCHOTO 4YHCia Z B BuAe d + bi HaswBaercs anced-
pauyeckou opmoli KOMIUIEKCHOTO YUCIIA.
Paccmotpum apyrue Gopmbl 3anMcH KOMIUIEKCHBIX yHcen. [lycTs 7 — Mo-
Iylb, 8 () — KaKOW-TKU0O U3 apryMEHTOB KOMIUIEKCHOTO uucna z =da+bi ,

TO €CTh 7 = |a +bi| =+a* +b*, ¢=arg(a+bi). Torna us popmyist (5)
CIIe/YeT, uT0 d =¥ COS @, b =rsin g, u, 3Hauwur,
a+bi =r(cosep +isin@).
3anuch KOMIUIEKCHOTO YKcia B Buje 7(COS@ +iSin @) HasbiBaeTcs mpu-

2oHOMempu1eckol popmoil.
Tpuronomerpuueckas ¢GopMa 3alMCH KOMIUICKCHBIX YHCENT BO MHOTUX
ciydasx oKa3pIBaeTcs Oosee yaoOHOH, ueM anredpandecKkas.
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Jlnst Toro, 9TO0BI IepeiTH OT anredpandeckoit HOPMBI KOMILTEKCHOTO YHC-
na a+bi K TPUTOHOMETPHUYECKOH, TOCTATOYHO HANTH €ro MOAYJIb U 0OUH
W3 apryMEHTOB.

IMpumep 7. 3amucars uncio z =+/3 —i B TPUTOHOMETPHUECKOH (popMe.

Haxoaum Moayis 7 = |Z| = w;(\/§)2 +(-1)? = \/Z =2.

Haxomum omuH 13 apryMeHTOB; Tak kak Rez = \/g >0, Im z=-1<0,

TO uncino /3 —i nexur B IV yerBeptu. [To3TOMy Ha0 HAaWTH Takoe peliie-

NEN
Iz
YETBEPTH, T.€. (P = ? Taxum o0Opazom,
11 .11
\/g—i = 2(cos7”+ z'sm?”j.

IIpumep 8. 3amucaTs 9nCI0 B TPUTOHOMETpHUIECKON hopme:

HUE ypaBHEHUS (g = KOTOpOE sIBNIAeTCs yriom B [V y

.. RY/4
z=l+cosZa—zsm2a,(7z<a<7 .
Pemenne.
2 2 . .
r2=|z| =(1+c052a) +sin’ 2a =1+2cos2a +cos’ 2a +sin’ 2a =

=2+2co0s2a =4cos’ a; orcioma |z|=-2cosa (1. k. a — yron Tpetbeii
YEeTBEPTH).

; (argz)—— sin 2o __2sinacosa__t gt (—05) oTKyIa
& 1+ cos2a 2¢cos’ a SR » 0T

argz =—-a + k.

Tak kak 14+ cos2a > 0,a —sin2a <0, T0 4UCHO Z JEKUT B YETBEPTOM
YETBEPTH, U B KAYECTBE apryMEHTa MOXHO BBIOpaTh argz = 7 —d.
Hrak, z=-2cosa - (COS(ﬂ' —a) +isin(7z —a)).

2. Ymnuoowcenue u Oenenue KOMHIEKCHBIX uucesl ¢ MPUOHOMempuye-
CKoil (hopme.

[ycte z, =r(cosg, +ising,), z,=r(cose,+ising,).
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Torma z,z,= K1, (COS @, COS @,—sin @, sin @,+i-(cos ¢, sin @,+
08 0,81N.)) = 17, (COS(P, +,) +ISIN(P, +,))- (6)

Taxkum o0Opa3oM, M00yIbL npouzeedeHuss 08yX KOMNIAEKCHbIX YlUcesl pAaseH
NPOU3Be0eHUI0 MOOYIEU COMHONCUMENel, a apeyMeHm CYyMMbl eCib CYyMMA
aAPeYMEHMO8 COMHONCUMENELL.

[Tycts z, # 0, Torma
z, _ rn(cose, +ising)  r(cose +ising,)r(cosp, —ising,)

z, r(cose,+ising,) r(cose,+ising,)r,(cos@,—ising,)

= :—l(cos @+ising )(cos@,—ising,) = :—1(cos((pl— @,)+isin(p—@,)). (7)
2 2

Takum 00pa3zom, MoOYIb 4ACMHO20 O8YX KOMNIEKCHbIX YUCEN PABEH YACHI-
HOMY MOOYIel 0elUuMOo20 U 0enumens, d apeymeHm 4acmHozo ANAemcs pas-
HOCMbIO apEyMEeHmo8 0eaumMo20 U Oeaumerns.
3. Bo3gedenue 6 cmenensv u uzenevenue kopua. Gopmyna (6) st npous-
BEIICHUS NBYX KOMIUIEKCHBIX YHICEN MOXKET OBITh 0000IIeHa Ha Ciydail n
COMHOXUTeNer. Vcrmonp3ys MeTo]] MaTeMaTHIeCKO WHAYKIUU, HETPYIHO

N0Ka3aTh, 4TO €CIU (), P, ,...,(», — APTYMEHTBI YHUCEN Z,Z,,..., Z, COOT-

BETCTBCHHO, TO @, + @, + @, +---+ ¢, =arg(z,z,...z,),

2] |z}

OTcrofa, Kak 4acTHBIN chydai, monydaercs (GopMmyiia, Maroias MpaBHiio
BO3BECHUSI KOMIUIEKCHOTO d4ncia 7(COS@ +iSin¢@) B LEIyI0 MOIOXKH-
TENBHYIO CTETEHb:

z" =(r(cos@p+ising))" =r"(cosne +isinng). (8)

TakuM 00pa3oM, npu 8036e0eHUU KOMIIEKCHO20 YUCTA 8 CMeNnelb ¢ Hamy-
PATbHLIM NOKA3Amenem e20 MOOYib 603600UMCS @ CIENEHb C eM Jice NOKA-
3amenem, a apeyMeHm YMHOICAEC HA NOKA3amelb CIenetu.

®dopmyna (8) Ha3BIBAIOT nepsoll opmynou Myaspa.

Mpumep 9. Haiitn z'', ecn z =1—1.

Zl’l

= |zlzz...zn

. T
Tak kak |l—l| =4/2, a OAHUM U3 APTyMEHTOB SBISIETCA () = 2 (cm.

npumep 5 Ha cTp.11), TO
b . T
z=+/2| cos| == |+isin| —=
4 4

CrnenoBaTensHO, TpuMeHss popmyiy (8), momydanm
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Z''= (\/5)ll [COS(—%) +isin(—%ﬂ = 2% {cos (377[) —isin (%ﬂ =

_o —%—i; =2 (141)==2°(1+1)=-32-32i

IMpumep 10. Beraucnure cymmy

B=sing+sin(p+a)+sin(¢+2a)+...+sin(p+na).

Pemenune. PaccMOTpUM Tak:ke CyMMy

A=cosp+cos(@+a)+cos(@+2a)+...+cos(@+na) n obosnaunm

S=A+Bi.

Torma wHTepecyromiasi Hac cymMmMa B ecTh MHHMas 9acTh 4ucia S :

B =ImS. IpeoGpasyem S :
S=(cosqp+isin¢))+(cos((p+a)+isin((p+a))+

+(cos(go+2a)+isin(¢)+2a))+...+(cos((o+na)+isin(¢+na)).
Bocnons3oBaBmuck nepoii popmynoit Myaspa, momydaem:
S =(cosp+ising)+(cosp+ising)(cosa+isina)+(cosg+ising)-
N2 . .
(cosa+isina) +...+(cosp+ising)(cosa +isina)".
O6o3HaunM z, = Ccos @ +ising, w, =cosa +isina.
Torma S =z, + 2y, + 2,0, +...+ 2,0, = 2, (1+a)0 + o, +...+a)0").

Hcnonw3ys popmyty aiisi CYMMBI T€OMETPUIECKON TIPOTPECCUH, TTOTyIaeM:
W n+l _1
S =z, [t
w, —1
UToOb!I BBLICTUTh MHUMYIO YacTh YHCIA, JOMHOXUM JIpOoOb Ha YHCIO, CO-
NPSKEHHOE 3HAMEHATEIIO:

G ) e e
(o, —1)(&)0 —1) (e, —1)

— 5 —
3aMeTuM, 4T0 @, - W, = |a)0| =1; w,+®,=2cosa. Torga

S =

n n+l T 1 n n+l -

G, O o oyl 20 —20)" 2o+,
=z, - : -

2-2cosa 4sin’(2/2)
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= [cos((p+na)+isin((0+na)—cos((0+(n+1)a)—isin((o+(n+1)a)—
—cos(p—a)—isin(p—a)+cosp+ising]/4sin® (a/2).
BrizenseM MHAMYIO 4acTh S :

~ sin(ga—i—na)—sin((p+(n+1)0¢)—sin(gp—a)+singp ~

ImS = =
4sin’(a/2)
S tre-(ot(ntl)a) prnatror(nila . p-(p-a) p+(p-a)
4sin’ (a/2)
—2sinacos£ +2n+1aj+2sinacos( _a} cos( —aj—cos( +2n+1a)
= 2 v 2 2 ¢ 2 _ ¢ 2 ? 2 _
4sin’ (a/2) 2sina/2
_e_ +2”+1a _a, +2n+1a
—2sin sin
2 2
2sina/2
SiIn———smm| @ +——
_ 2 2
sina/2

[Tepeiinem Kk onepalvu U3BJICUEHUSI KOPHS JAHHOW CTETIEHU U3 KOMILJIEKCHO-
T0 YHucIa.

Yucno z HaseiBaeTcs xkoprem cmenenu n, n € N, u3 uncna @ (0o6o3Hava-
ercs K/Z), ecmm z" = .

TakuM 06pazom, I TOro 4TOOBI M3BJIEYb KOPEHb crenenu n, n €N u3
Yhcia @, Hy’KHO PEIIUTh yPaBHEHUE Z" = @.

Ecmn @ =0, 1o npu mo6om n ypasaenne z" = (0 UMeeT OIHO M TOJILKO

omHo perrenne z = 0.

ITycts Teneps @ # 0. IlpeacraBuM z W @ B TPUTOHOMETPUUECKOM (op-
Me:

z=r(cosp+ising), @ =r,(cosgp, +ising,).
Torna ypaBHeHue z" = @ TPUMET BU]I
(r(cos@ +ising))" =r,(cosg, +ising,).

© 2010, @3OTUI mpu MPTU. Cocraurens ['opomeuxnii Cepreit EBrenpeBud. 16



2009-2010 yu. roa. Ne 6, 11 k1. Maremaruka. KomruiekcHble uucia.

I[Ba KOMILJICKCHBIX YHCJIa PaBHBI TOTAa W TOJIBKO TOrJa, KOrja paBHbI UX
MOJIyJIH, @ apIYMEHThI OTJIMYAI0TCS Ha YUCII0, KpatHoe 277. ClenoBaTenbHo,
r'=r, ne=@,+2k, keZ
N

2z
r=4r, ¢=&+—k,kel.
n o n
Takum 06pasoM, Bce pellieHHs ypaBHEHUs Zz' =@ ja-

1oTcs Gopmytoit

2r .. 2z
z, =4r,| cos %+—k +isin| 204+ g ,

n n n
k=0,1,..,(n-1). 9)
B camom nene, npunasas yuciy k B Gopmysie (9) nenbie 3HaUSHUS, OTIHY-
uele oT 0, 1, ..., (n — 1), MBI HE TOAYYNUM APYTUX KOMIUIEKCHBIX dnces. Ha-

npuMep, pu kK = 1 mojydaem

z, =41, | cos Po ok |+ isin| 204 27k || =
n n
=1r, cos 2 +isin 2 =z,.
n n
®dopmyina (9) HasbIBaeTCs smopoti popmynoi Myaspa.
Takum o6paszom, eciu @ # 0, TO cymecTByeT poBHO 7 KOPHEH CTENCHHU 71
U3 4uclia (@ , BCE OHU coaepikaTcs B popmyie (9).

2
B YaCTHOCTH, €CIIN N = 2,TO YPaBHCHHUE Z = @ HUMECT ABa KOPHA:

zZ, =1, cos&+isin&,
2 2
Z, =4/, | cOs Po 4 g lvisin| 224 =-z,
2 2

TO €CTh 3TH KOPHH CUMMETPUYHBI OTHOCUTEIHHO Hadaja KOOpANHAT.
Taxxe u3 dopmyssl (9) HETPYIHO MOMYYUTh, 4TO eciu 1 >3, n €N, To

TOYKH, M300paXKAMOIINE BCE KOPHU YPaBHEHHSI Z' = (@, SIBJISAIOTCS BEPLIU-
HaMU NPABUIILHOTO 71-YI'OJIBHUKA, BIIMCAHHOIO B OKPY’KHOCTb C LIECHTPOM B

touke z =0 u paguycom %/ a)|
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IIpumep 11. Haiitu Bce 3HaueHUs 3\/—_8 .

3amumieM  9UCIIO w=-8 B TPUTOHOMETPUYECKOH  Qopme:
@ =—-8=28(cosx +isinrx).
[Mpumenss popmyay (9), momyyaem

z, =2| cos §+2Tﬂk +isin §+2?ﬁk , k=0,1,2. Crnenosa-

T .. T .
TENbHO, Z, = 2| COS—+isin— |=1+ \/gl,
3 3

z, =2(cosm +isinz) =-2,

5 Sz .. Sw 13 %
z, =2| cos—+isin— |=1-+/3i. ~-1+i\3

3 3 / 3

TO‘lKI/I, COOTBETCTBYIOIMUC YHUCIIaAM ZO . Z1 5 22 , /

X
HaXOASTCSA B BEPIIMHAX MPABIIBHOTO TPEYTOdb- Z,=-

HHKa, BIIMCAHHOTO B OKPY)XHOCTh paamyca 2 ¢ z,= 1-iN3
teHtpom B Touke z =0 (cm. puc. 10).

W3 cka3aHHOTO BBIIIE CIIEIYET, YTO CUMBOI A/ () Puc. 10
HE UMeeT OJHO3HA4YHOTro cMbIcha. [loaTomy, ymoTpebnss ero, ciemyer u€T-
KO IPEICTaBIATh ceOe, uTo IOoJ 3TUM CUMBOJIOM IHojapa3yMmeBaercs. Ha-

OpUMep, MCMOJb3ys 3amuch +—1, ciaeayer mo3aboTHTBCS O TOM, YTOOBI
OBLIO SICHO, TOHUMAETCS JIM TIOJT 3TUM CHMBOJIOM Iapa KOMIUIEKCHBIX YHCEI
i U —i, WA OJIHO, U, €CIIH OJHO, TO KAKOC UMEHHO.
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